This paper presents hydrodynamic-like model of business cycles aggregate fluctuations of economic and financial variables. We model macroeconomics as ensemble of economic agents on economic space and agent's risk ratings play role of their coordinates. Sum of economic variables of agents with coordinate x define macroeconomic variables as functions of time and coordinates x. We describe evolution and interactions between macro variables on economic space by hydrodynamic-like equations. Integral of macro variables over economic space defines aggregate economic or financial variables as functions of time t only.
Introduction
Fluctuations and waves are core properties of any complex system. Macroeconomic fluctuations are the most valuable processes that have impact on all characters of economic evolution and state. Modeling and forecasting business cycles aggregate fluctuations for decades remain focal point of economic studies [1] [2] [3] [4] [5] [6] [7] [8] . Origin and drivers of aggregate fluctuations of economic and financial variables establish the key problems of business cycles. Let quote only three statements "Theories of business cycles should presumably help us to understand the salient characteristics of the observed pervasive and persistent non seasonal fluctuations of the economy". [3] . "Why aggregate variables undergo repeated fluctuations about trend, all of essentially the same character? Prior to Keynes' General Theory, the resolution of this question was regarded as one of the main outstanding challenges to economic research, and attempts to meet this challenge were called business cycle theory." [4] . "One of the most controversial questions in macroeconomics is what explains business-cycle fluctuations?" [8] .
Our paper presents a general model of aggregate fluctuations of economic and financial variables and proposes further features that describe state and evolution of business cycles phases. Due to [6] "The real business cycle theory is a business cycle application of the Arrow-Debreu model, which is the standard general equilibrium theory of market economies". Our approach to business cycles is completely different from models based on assumptions of general equilibrium [9] , decisions making [10] and behavioral economics [11] . We omit review of current state of business cycles and site [1] [2] [3] [4] [5] [6] [7] [8] for great in-depth discussion and numerous references.
We regard business cycles as essential property of economic evolution and describe aggregate fluctuations of economic and financial variables as necessary feature of economic processes. Our model of aggregate fluctuations does not require existence any external shocks and disturbances of economic variables. Aggregate fluctuations reflect hidden evolution of economic and financial variables of economic agents on economic space [12] [13] [14] [15] [16] [17] [18] . Agent-based economic models are well known [19] but we suggest a different approach.
Let assume that it is possible estimate risk rating for all agents of entire economics like huge banks and corporations and small firms and households. Let treat agent's risk ratings as their coordinates alike to coordinates of physical particles. Each economic agent has a lot of economic and financial variables as Assets and Debts, Credits and Loans, Production
Function and Consumption and so on. Huge number of economic agents of entire economics can be treated alike to "economic gas". Certain parallels to kinetic theory of gases allows establish transition from description of economic variables of separate agents with coordinate x to description of economic variables defined as cumulative variables of all agents with coordinate x. Such transition has parallels to transfer from description of kinetic multi particle system to hydrodynamic approximation that neglect particle granulation and describe system as a continuous media. Similar considerations allow develop transition from description of macroeconomics as system of numerous separate economic agents with economic and financial variables to macroeconomic model that neglect agent's granularity and describe economic and financial variables as functions of time and coordinates on economic space alike to continuous media or hydrodynamic approximation in physics. Vital distinctions between economics and physical systems prohibit any "deep analogies".
Nevertheless certain parallels between multi-agent systems on economic space and multiparticle systems on physical space allow derive hydrodynamic-like equations that describe evolution of cumulative economic and financial variables. Such approach to macroeconomic modeling makes visible and describes a wide range of internal economic and financial waves that are induced by perturbations of variables on economic space [12] [13] [14] [15] [16] [17] [18] .
In this paper we show that our model can describe business cycle aggregate Economic origin of aggregate fluctuations described by our model is very "simple".
There is no need in any perturbations or external shock to derive equations and describe aggregate fluctuations. Economic evolution induces motions of economic agents from low risk affairs to high risk business and back and that motion of agent's risks cause corresponding flows and tides of economic and financial variables on economic space. Such tides of economic and financial variables from low to high risks areas and back govern growth and aggregate fluctuations of all economic and financial variables as GDP, Investment, Assets and so on. Enormous number of economic and financial variables and complexity of their mutual interactions makes that "simple" problem extremely difficult.
In this paper we present simplest model that describe mutual interactions between two variables only -between Assets A(t,x) and Revenue-on-Assets B(t,x) on economic space. We derive equations that describe growth and fluctuations of aggregate Assets A(t) and aggregate
Revenue-on-Assets B(t). We derive equations on Assets mean risks X(t) and mean square risks ̅̅̅̅ and describe their fluctuations also.
The rest of the paper is organized as follows. In Section 2 we argue the model setup and remind major issues for economic space modeling [12- Thus risk grades of n different risks establish R n .
Model Setup
Modeling on economic space uncovers extreme complexity of macroeconomics and finance and can't take into account all possible risks. Description of agents of entire macroeconomics on economic space R n requires choice of n major risks that cause major effects on economic and financial processes. To determine economic space one should estimate current risks and select two, three, four major risks as main factors affecting economic system. That establishes economic space with two or three dimensions. To select most valuable risks one should compare impact of different risks on economic and financial processes and chose few most valuable. Selection of n major risks defines initial representation of economic space R n and that is a separate and very tough problem.
It is well known that risks can suddenly arise and then vanish. To describe evolution of economic system and its agents in a time term T one should forecast m main risks that can play major role in a particular time term. Such forecast define target state of economic space Below we develop models on economic space R n in the simple assumption that macroeconomics and economic agents are under permanent action n risks. We don't study transitions from one set of major risks to another and describe simple models on constant economic space R n . Agent's risk ratings play role of their coordinates on economic space R n .
Introduction of economic space allows describe evolution of economic agents alike to description of multi-particle systems. We repeat that distinctions between economics and physics are absolutely vital but certain parallels between them allow develop economic models similar to description of multi-particle systems and hydrodynamics.
Multi-agent system
Introduction of economic space allows substitute widespread partition of agents by describe economic and financial processes on economic space alike to description of multiparticle system in physics in the continuous media or hydrodynamic approximation. Indeed, agents risk ratings x or agents coordinates x change under the action of economic and financial processes. Agents move on economic space alike to economic particles or "economic gas". Motion of agents on economic space causes change of agent's economic and financial variables. Let describe agents and their variables by probability distributions.
Averaging of agent's economic and financial variables by probability distributions allow describe economics alike to continuous media or hydrodynamic-like approximation. In such approximation we neglect granularity of variables like Assets or Capital that belong to separate agents at point x and describe macroeconomic Assets or Capital as function of x on economic space alike to "Assets fluid" or "Capital fluid" in hydrodynamics. In some sense such transition has parallels to partition of Assets by sectors or industries. The "small" difference: in common approach agents and their variables belong to permanent industry or sector. In our model agent's risk ratings define linear space and agents can move on economic space due to change of their risk ratings. These small distinctions allow model economics as a "continuous economic media".
Below for convenience we present definition of macroeconomic and financial variables according to [12] [13] [14] [15] [16] [17] [18] . For brevity let further call economic agents as economic particles or e-particles and economic space as e-space. Let introduce macro variables at point x as sum of variables of e-particles with coordinates x on e-space.
Each e-particle has many economic and financial variables like Assets and Debts, Investment and Savings, Credits and Loans, Production Function and Consumption and etc.
Let call e-particles as "independent" if sum of extensive (additive) variables of any group of e-particles equals same variable of entire group. For example: sum of Assets of n e-particles equals Assets of entire group. Let assume that all e-particles are "independent" and sum of Coordinates of e-particles represent their risk ratings and hence they are under random motion on e-space. Thus sum of Assets of e-particles near point x is random also. To Macroeconomics can be modeled as interaction between numerous economic fluids and that makes description extremely difficult. Let present these issues in a more formal way.
Let assume that each e-particle on e-space R n at moment t is described by l extensive Let assume that there are N(x) e-particles at point x. Let state that velocities of eparticles at point x equal υ=(υ 1 ,… υ N(x) ). Each e-particle has l extensive variables (u 1 ,…u l ).
Let assume that values of variables equal u=(u 1i ,…u li ), i=1,..N(x). Each extensive variable u j
at point x defines macro variable U j as sum of variables u ji of N(x) e-particles at point x = ∑ ; = , . . ; = , …
To describe motion of variable U j let establish additive variable alike to impulse in physics.
For e-particle i let define impulses p ji (1.1) as product of extensive variable u j that takes value u ji and its velocity υ i :
For example if Assets a of e-particle i take value a i and velocity of e-particle i equals υ i then impulse pa i of Assets of e-particle i equals pa i = a i  υ i . Thus if e-particle has l extensive Assets density A(t,x), impulse P(t,x) and velocity υ(t,x) can be defined as 
Hydrodynamic-like equations
In this section we present hydrodynamic-like equations for economic and financial densities like Capital and Assets, Investment and Credits and etc. [12] [13] [14] [15] [16] [17] [18] . Let follow [24] and for any extensive economic or financial density like Assets A(t,x) (2.4), its impulse , (2.5) and its velocity , (2.6) on e-space hydrodynamic-like equations take form: describes any action of other factors or densities that can change left side. Assets impulse P(t,x) follows similar equations:
Right hand side factor Q 2 describes any action of other densities that can change left side.
Parallels to equations of hydrodynamics are formal and extrinsic. We repeat that intrinsic, essential relations of economics and finance have nothing common with physical laws. and impulses P(t,x) depend on densities U j (t,x) and impulses P j (t,x) different from A(t,x) and 
P(t,x). Let call such variables U j (t,x), P j (t,x) as conjugate to variables A(t,x) and P(t,x) if variables U j (t,x), P j (t,x) determine

Business Cycles
Let try respond to question: "Why aggregate variables undergo repeated fluctuations about trend, all of essentially the same character?" [4] .
We propose that [1] [2] [3] [4] [5] [6] [7] [8] Usage of e-space enhances methods for economic modeling and allows indicate new factors that describe state and evolution of entire economics. Indeed, we use agent's risk ratings as their coordinates on e-space. For each economic or financial density like Assets density A(t,x) let define mean risk X(t) of particular density as 
Model equations
As example let describe relations between two extensive (additive) variables as Assets Here a and b -const. Economic meaning of (5. To identify Equations of Motion (3.2) on impulses PA(t,x) and PB(t,x) let assume that Q 2 is proportional to conjugate impulse. In other words let assume that growth of Assets impulse
PA(t,x) is proportional to Revenue-on-Assets impulse PB(t,x) and vise versa. Let take
Equations of Motion (3.2) as:
Economic meaning of (5.4) is follows. E-particles (economic agents) of entire economics fill certain domain on n-dimensional e-space. Due to current practice of international rating agencies [21] [22] [23] agent's risk ratings take minimum or most secure and maximum or most risky values. Thus let assume that coordinates x=(x 1 ,…x n ) of economic domain on ndimensional e-space are reduced by relations < < , = , … (5.5)
As we mentioned above, we assume that small x i <<1 correspond to secure area and − ≪ , = , … to most risky area. Thus flow of Assets in such a bounded domain can't grow up forever.
Assets flow can move from low risks and secure area of economic domain to high risks area and that increase Assets risks. Then Assets tide goes back from high risks to low risk area.
Thus tides of Assets that is described by Assets impulse PA(t,x) , = , , 
Aggregate fluctuations of Assets A(t)
Equations (5.
3; 5.4) on Assets A(t,x) and Revenue-on-Assets B(t,x) densities allow derive ordinary differential equations on aggregate Assets A(t) and Revenue-on-Assets B(t)
(Appendix A). Here we briefly argue main results.
Fluctuations of aggregate Assets A(t) depend on hidden aggregate variables XPA(t) and YPB(t) defined by (A.3); EA(t) (A.6) and EB(t) (A.7) (see Appendix A). Equations (A.5) on variables XPA(t) and YPB(t) (A.3) can be derived from Equations of Motion (5.4). XPA(t)
is defined by (A.3) scalar product of vector x and impulse PA(t,x). Due to (5.6) variables
XPA(t) follow oscillations with frequency . Aggregate variable EA(t) (A.6) is proportional
to Assets A(t,x) and squares of velocities , and can be treated alike to Assets energy.
Same concern Revenue-on-Assets energy EB(t) that is alike to energy of hydrodynamic flow.
To derive equations on aggregate Assets we should complement Continuity Equations ( 
Fluctuations of Assets mean risk X(t)
Equations ( Assets A(t) has exponential increment (A.9; A.14). As ̅̅̅̅ can't grow up as exponent hence it is required that > ; > .
Fluctuations of Assets mean square risk ̅̅̅̅
Conclusions
We present a general approach for modeling aggregate fluctuations for any system of economic and financial variables. Let underline -we model interaction between Assets A(t,x) and Revenue-on-Assets
B(t,x) on economic space and that allow derive equations on aggregate Assets A(t) and aggregate Revenue-on-Assets B(t). Aggregate Assets fluctuations don't depend on aggregate
Revenue-on-Assets, but on variables alike to aggregate Revenue-on-Assets energy and other (A.7; A.3). Thus it seems unbelievable to describe business cycles by models that take into account only direct dependence between time-series of aggregate variables as in equilibriumbased models of business cycles.
Economic evolution is a very complex processes and description of evolution phases requires much more then description of aggregate fluctuations. Hydrodynamic-like equations allow describe additional parameters of economic evolution phases that can be noted as mean risks, mean square risks, dispersions and etc. Indeed, most economic densities on e-space are positive and thus can be treated as certain probability distributions on e-space. For example Assets distribution of e-space (4.2-4.5) can define Assets mean risks X(t) (6) 
Appendix A Aggregate Assets A(t) and Revenue-on-Assets B(t) Equations
To derive equations on aggregate Assets A(t) let start with (5.3; 5.6):
Due to (5.5) economic domain on e-space [17, 18] is reduced by most secure and by most risky e-particles (economic agents). Hence integral of divergence over e-space equals integral of flux through surface and that equals zero as no economic or financial fluxes exist far from boundaries (5.6). Thus first integral in the right hand of (A.1) equals zero. Equations on A(t) and B(t) take form:
To derive equations on XPA(t) и YPB(t) let use equation (5.4):
Let take first integral in the right hand by parts and take into account that integral by divergence equals zero:
It is amazing that equations on aggregate Assets and Revenue-on-Assets require factors (A.6; A.7) that are alike to Assets energy EA(t) and Revenue-on-Assets energy EB(t). and Revenue-on-Assets energy density EB(t,x) as: 
Let take first integral in the right side by parts and take into account that integral by divergence over e-space equals zero:
Equations on aggregate Assets impulse PA(t) appears from (3.4)
First integral in the right side equals zero and equations take form:
To derive equations on XP(t) and YP(t) let use equations (3.4):
We omit long but simple calculations of integral in (B.6.2) and present the result as: Here we assume that energy impulses PEA(t,x) and PEB(t,x) fluctuate with frequency due to same reasons as fluctuations of Assets impulse PA(t,x) with frequency (5.6):
Equations (B.12) allow derive equations on aggregate energy impulse PEA(t) and PEB(t) as: 
Appendix C Assets Mean Squares Risks ̅̅̅̅ and Dispersions
Let take Assets and Revenue-on-assets mean square risks ̅̅̅̅ and ̅̅̅ as ̅̅̅̅ = ∫ , ; ̅̅̅ = ∫ , (C 
